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Abstract 
This paper is concerned with optimal transmission schedules in the TWDM (time and wave- 
length division multiplexed) optical passive star network. Our model of the network consists 
of a set V of N nodes with N tunable transmitters and N fixed-tuned receivers (where each 
node is assigned a transmitter-receiver pair), k wavelengths (each wavelength is shared by N/k 
receivers where N/k is an integer), and tuning time 6 > 0 (in units of time slot, for transmitters 
to tune from one wavelength to another). We assume that at any given time slot, at most one 
transmission can be done per wavelength. An optimal transmission schedule is defined to be the 
one that schedules transmissions such that for each node u in V, the transmitter in u transmits 
once to every receiver in V - {u} within a repeating cycle of minimum length. We present 
an optimal transmission schedule for each tuning time, and show that the cycle length of any 
optimal transmission schedule is max{N(N - 1)/k, k6 + N - 1). 
1. Introduction 
The interconnection network in a multiprocessing system is of major importance to 
the performance of the system. Massively parallel processing requires massively parallel 
interconnects. It is well understood that electronic interconnect faces its fundamental 
physical limits as the performance of processors and their affiliated memories grow. 
Optical interconnects (primarily because of their higher bandwidth advantages) are 
viable alternatives for the traditional electronic interconnects when designing massively 
parallel processing systems [5,9,12,13]. Recently, there has been a lot of interest in 
using the time and wavelength division multiplexed (TWDM) optical communication 
network as the underlying architecture to support many different communication patterns 
by embedding them directly into the system hardware [1,2,6,X, 11,15,16]. 
In this paper, we consider the following TWDM optical passive star network [3,7,8]. 
The physical architecture of the network has N inputs and N outputs connected by an 
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optical passive star. Fig. 1 shows N nodes connected via an optical passive star. Each 
input has a single optical transmitter and each output has a single optical receiver. Each 
node vi (0 < i < N - 1) in the network consists of a pair of transmitter ti and receiver 
ri. Transmitters and receivers can be tuned to any wavelength. In order to communicate 
from a transmitter to a receiver, the corresponding transmitter and receiver must be 
tuned to the same wavelength. Transmitters and receivers are called tunable if they can 
tune from one wavelength to another, while ones that cannot are called jixed-tuned. 
Our model of the network assumes that receivers are fixed-tuned and transmitters are 
tunable; it also assumes that there are k (2 < k < N) wavelengths in the network and 
N/k receivers share a wavelength, where N/k is an integer for simplicity. Furthermore, 
we assume that at any given time slot, at the most one transmission can be done 
per wavelength. Hence, at the most k transmissions can be done simultaneously. Time 
is divided into time slots of equal duration with the slot length equal to the packet 
duration (i.e., the amount of time to transmit a fixed size packet). For transmitters 
to tune from one wavelength to another, tuning time 6 > 0 (expressed in units of 
time slot) is required, and idle transmitters can tune to wavelengths just-in-time to 
start their transmissions. (It is noted that if packet sizes are small such as ATM cells, 
6 is expected to be large.) The problem considered in this paper is formulated as 
follows: 
Optimal transmission schedule problem: A TWDM optical passive star network con- 
sists of a set V of N nodes with N tunable transmitters and N fixed-tuned receivers 
(where each node is assigned a transmitter-receiver pair), k wavelengths such that each 
wavelength wi for 0 d i d k - 1 is shared by N/k receivers where N/k is an integer 
(the set of receivers tuned to wavelength Wi is Ri = {ri 1 jmod k = i}), and tuning time 
6. Given a virtual interconnection topology G with N nodes which is embedded in the 
network, the problem is to schedule transmissions in such a way that the time slots 
are arranged into repeating cycles of minimum length and each node in G transmits 
once to each of its neighboring nodes within a cycle. In this paper, G is assumed to 
be a complete graph. Thus, an optimal transmission schedule for our model is the one 
Fig. 1. An N-node optical passive star network 
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Fig. 2. Allocation tables. 
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that schedules transmissions such that for each node v in V, v transmits once to every 
node in V - {v} within a repeating cycle of minimum length. 
A transmission schedule will be expressed as a table that represents a repeating cycle 
of time and wavelength allocations. As an example, consider a network with six nodes 
and two wavelengths, so Ro = { ro, 13, rq} and RI = (~1, r3, q}. Let G be a complete 
graph with six nodes. Fig. 2 shows allocation tables: TI for 6 = 2, T2 for 6 = 5, and Ts 
for 6 = 8. Each entry T(i, E) of the tables occurring in the ith row and the Ith column 
is either j, wd or blank: during the time slot 1, T(i, I) = j if ti is transmitting to rj, 
T(i, 1) = wd if ti is tuning to wavelength wd, and T(i, I) = blank if ti is not involved 
in transmitting or tuning. 
Pieris and Sasaki [14] proposed an all-to-all broadcasting model where each trans- 
mitter has N packets to be sent to N receivers; thus, N2 transmissions need to be done. 
They then showed that (assuming the initial tuning time S) a lower bound and an upper 
bound of the minimum schedule length are, respectively, max(6 + N2/k, Nfi} and 
max{d +N’/k, k6+N - N/k+ N2/k2}. Choi et al. [4] later proved that the above upper 
bound is the length of an optimal schedule. In the all-to-all broadcasting model studied 
in [4,14], each transmitter has to send packets to k groups of receivers, where the size 
of each group is N/k. Our model of the network with N nodes requires each transmitter 
to transmit to N - 1 receivers since G is a complete graph. Thus, every transmitter 
has to transmit to k groups of receivers, where k - 1 groups are of the same size N/k 
but the size of one remaining group is N/k - 1, which makes our approach to optimal 
transmission schedules more analytically complex than that for the model in [14]. 
The rest of this paper is organized as follows. In Section 2, we evaluate a lower 
bound for the cycle length of any transmission schedule. An optimal transmission sched- 
ule for each tuning time 6 is obtained in Section 3. Finally, we give our concluding 
remarks in Section 4. 
2. Lower bound of schedule length 
Lemma 1. The cycle length of any transmission schedule is at least max{N(N - 1)/k, 
ka+N - l}. 
Proof. Let &in denote the minimum cycle length of any transmission schedule. Each 
node in G has N - 1 neighboring nodes, so N(N - 1) transmissions must be done 
in a cycle. Since at the most k transmissions can be done simultaneously, we have 
&in 2 N(N - 1)/k. 
On the other hand, observe that any node v in G has N - 1 neighboring nodes whose 
receivers are tuned to k different wavelengths. Therefore, we need tuning time of at 
least, k6 for the transmitter assigned to u to tune to k different wavelengths. Since there 
have to be N - 1 transmissions from v, it implies that Lmin 2 kS + N - 1. We conclude 
that the cycle length &in is at least max{N(N - 1)/k, kS + N - 1). 0 
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3. Optimal transmission schedules 
We will construct an optimal transmission schedule (i.e., minimum length schedule) 
for each 6. First we will design an algorithm for an initial allocation schedule (satisfying 
the conditions (i)-(iii) below) for a cycle of N(N - 1)/k consecutive time slots. Next, 
in the proofs of Lemmas 2-4, we will construct an optimal transmission schedule for 
each 6 from the initial allocation schedule obtained from Algorithm Initial Allocation 
((3. 
In order to facilitate our discussion we need to introduce the following notation 
and a partition of the node set of G and a partition of N(N - 1)/k time slots, to- 
gether with matrices A4 and Q corresponding to an initial allocation schedule. Let P= 
{V~IO~i<N/k}beapartitionofthenodesetV={ui1Odi~N-1}ofGwhere 
Vi = {Uj 1 ik d j 6 (i + 1)k - l}, and write S, = {t’i E V 1 r, ER,} (0 < q < k). Note 
that 21, E S, iff q = i mod k, and that 1 Vi n S, I= 1 (i.e., V, contains exactly one receiver 
in R4) for each i and q (0 < i < N/k, 0 d q < k). 
Note that each node in G has N - 1 neighboring nodes whose receivers are tuned to 
k different wavelengths, one of which is shared by N/k - 1 receivers and each of the 
remaining k - 1 wavelengths is shared by N/k receivers. In our optimal transmission 
schedule, each node transmits consecutively to all of its neighboring nodes sharing the 
same wavelength: the transmission from each node can be done using k blocks of time 
slots, one of which has length N/k - 1 and each of the remaining k - 1 blocks has length 
N/k. In the following, we first construct a matrix A4 which shows an arrangement of 
the contiguous time slots of length N/k - 1 for each node. We next construct matrices 
M” and Q to find an initial allocation schedule. This schedule will be modified later 
to satisfy the tuning duration. 
Let N/k = ak + b (0 d b < k), so a = [N/k21 and b = (N/k) mod k. First, 
define an N/k x k matrix A4 = (m;i) (O< i<N/k, O<j <k) with rniig{l, -1) 
by: m,=-l iff i+j=N/k- 1 -tk for O<t<a. Observe that for each row i 
of M, there is only one i’ such that mi if = -1. Next, define an N/k x k matrix 
M* = (pij) (0 < i <N/k, 0 d j <k) by: each row i, [pi0 piI . . Pik-11, of M” 
is obtained from [0 1 . . . k - l] by cyclically shifting it to the right i’ posi- 
tions. Next, we define an N x k matrix Q = (qsj) (0 d s < N, 0 d 1 < k) by: each 
row s = ik + j (0 d j < k) of Q is obtained from row i of M* by cyclically shift- 
ing it to the left j positions. Note that for each s = ik + j (0 < s < N, 0 < j < k), 
qs/ = j iff Pi/ = 0, while PiI = 0 iff mil = -1; hence qsr = j iff rni, = -1. This im- 
plies that for each s = ik + j (0 < s < N, 0 < j < k) and I (0 < 1 < k), u, ES,<, iff 
mi/ = - 1. Thus, the matrices M and Q can be used as indicators for an initial allo- 
cation schedule: mil = - 1 (rnil = 1, respectively) corresponds to transmissions of each 
v, E Vi to the nodes in Sq,Y, - {v,} (in SqY,, respectively). Fig. 3. shows a construc- 
tion of M, M* and Q. Now, let B = {Br 1 0 d 1 < k} be a partition of N(N - 1)/k 
consecutive time slots with IBll = (N/k)2 - (a + 1) for 0 < 1 < b and (Bl] = (N/k)’ - 
a for b < 1 < k such that the last time slot in BI is followed by the first time slot 
in &+I) modk. 
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Fig. 3. Matrices M, M* and Q for N = 24 and k = 3 
Now, we construct an initial allocation schedule for a cycle of N(N - 1)/k consec- 
utive time slots which satisfies the following conditions: 
6) For each v, E Vi (0 < i < N/k) and each block Bl, if mil= - 1 then v, transmits 
to only the nodes in SqS, - {v,} (since v, E S,,, ) using I& - {v,}) consecutive 
time slots, while if mil = 1 then v, transmits to only the nodes in SqS, (since 
U, 6 &, ) using ISqS, 1consecutive time slots; tS tunes to wavelength w4 (where 
q = qs ((l+l)modk)) using all the time slots between the block of transmissions 
for v, in B, and the block of transmissions for v, in B(l+ljmodk. (We denote 
by Tsl the tuning allocations for v, between the block of transmissions for v, 
in BI and the block of transmissions for v, in B(l+tjmodk.) 
(ii) For each time slot in Bl (0 < 1 < k), exactly k nodes which belong to some 
member of P transmit simultaneously. 
(iii) For each I (0 < I < k), lzll = lTjl[ for i,j (0 d i, j <N). 
The following algorithm gives an initial allocation schedule of each node v, in V 
during each time block BI. [Each tuning allocation T,r (0 < s < N, 0 < I < k) in the 
initial allocation schedule will be modified to satisfy the 6 tuning time requirement 
when we construct an optimal transmission schedule (Lemmas 2-4) from the initial 
allocation schedule.] 
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Algorithm Initial Allocation (Complete-Graph) 
Input: A complete graph G with N nodes. 
Output: An initial allocation schedule (Bs, B1, B2, . , . ,Bk_l ). 
For I= 0 to k - 1 do 
I* schedule of each node in V during time block BI *I 
a +- 0; 
For i=O to N/k -1 do 
I* schedule of each node in V, during time block BI *I 
Forj=Otok-1 do 
s+-ikfj; q+qst; 
ts tunes to wavelength w4 using the first CI time slots in BI; 
If (rni[ = -1) /* v, ES4 *i 
then v, transmits to all nodes in S, - {us} using 
the next N/k - 1 consecutive time slots in BI 
else /* v,T $L s, *I 
v, transmits to all nodes in S, using the next N/k consecutive 
time slots in Bl 
Endif 
4 + 4s ((l+l)modk); 
ts tunes to wavelength w4 using the remaining 
time slots in Bl 
Endfor 
If(m;l=-1)then a+cc+N/k-1 else a+a+N/k Endif 
Endfor 
Endfor 
Retum(B={B, IO<i<k}) 
End Algorithm. 
Fig. 4 shows the initial allocation schedule (Bo, B,, B2) obtained from Algorithm 
Initial Allocation (G) for N = 24 and k = 3 (see the corresponding matrices M and Q 
in Fig. 3). 
We show that the initial allocation schedule (Bo, B,, Bz,. . , Bk-1) for a cycle of 
N(N - 1)/k time slots obtained from Algorithm Initial Allocation (G) satisfies the 
conditions (i-iii). Observe that for each v, E Vi (0 6 i < N/k) and each block BI, 
if rnil= - 1 then v, transmits to only the nodes in Sqs, - {us} using IS,,, - {us}1 consec- 
utive time slots, while if mil= 1 then v, transmits to only the nodes in S,, using IS,), 1 
consecutive time slots; furthermore, ts tunes to wavelength wq (where q=qS (([+I jmodkj) 
using all the time slots between the block of transmissions for u, in B/ and the block 
of transmissions for u, in B~l+l),,,~dk. Since the first c! time slots in Bl are used for 
tuning all nodes in Vi, it follows that for each time slot in BI, exactly k nodes which 
belong to some member of P transmit simultaneously. For any node u E V, (i > 0), the 
number of time slots for transmitting r in BI is equal to the number of time slots for 
tI’anStT&ting any node of Vi-1 in BcI+~) mod k, which implies that \7’iil = 1 T$ for each i 
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Fig. 4. (a) Initial allocation schedule (Bo, B1, B2) from Algorithm Initial Allocation(G) for N =24 and k=3. 
ROW s (0 < s < 2.3) is the transmission schedule for v, E V: Si (S:, respectively) indicates that v, transmits 
to all nodes in Si (Si - {u,}, respectively); Wi indicates that f$ tunes to wavelength wi. (b) Block diagram 
of (a), Vi = {Uj I3i Q j < 3i +2} (0 G i < 7). 
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and j (0 < i, j < N). Thus, the initial allocation schedule (Bs, B1, B2, . . , Bk_ 1) for a 
cycle of N(N - 1)/k time slots obtained from Algorithm Initial Allocation (G) satisfies 
the conditions (i-iii). Also, the initial allocation schedule satisfies the condition that 
for each v E V, u transmits to all nodes in V - {u}. 
Now, it remains to adjust each Tij (0 d i < N, 0 d j < k) of the initial allocation 
schedule to satisfy the 6 tuning time requirement. In the proofs of Lemmas 2-4, we 
construct an optimal transmission schedule from the initial allocation schedule designed 
on B = {B, / 0 < j < k} with a cycle of N(N - 1)/k time slots, and then evaluate 
the cycle length of the optimal transmission schedule: For a construction of an optimal 
transmission schedule, the tuning allocations Tj (0 < i < N, 0 d j < k) of the initial 
allocation schedule are adjusted in order to satisfy the 6 tuning time requirement by 
using additional time slots for a large 6, or by replacing redundant tunings with blanks 
for a small 6. Recall that a = lN/k’] and b = N/k mod k. 
Lemma 2. Suppose 6 d (N/k)(N/k- 1)-(a+ 1). Then the cycle length of any optimul 
transmission schedule is N(N - 1)/k. 
Proof. By Lemma 1, we need only show that there exists a transmission schedule with 
cycle length N(N - 1)/k. Observe from the initial allocation schedule that for each 
t.,~V,I~j~=(N/k)(N/k-l)-(a+l)forOdj<b-l,andI~,I=(N/k)(N/k-l)-a 
for b - 1 < j < k; hence 6 < Ir,il for each i and j. We now replace the first IT,ji - 6 
allocations of Tij by blanks for each j (0 < j < k) and each vi E V. The new allocation 
clearly constitutes a feasible transmission schedule with cycle length N(N - 1)/k. This 
completes the proof. 0 
Lemma 3. Suppose 6 = (N/k)(N/k - 1) - a. Then the cycle length L of any optimal 
trunsmission schedule is given by: 
(1) L=k6+N-lfora=Oorb>l. 
(2) L=!!!qAI @ra>Oandbdl. 
Proof. Since L 3 N(N - 1)/k and L 3 k6+N- 1 by Lemma 1, we need only show that 
there exists a transmission schedule with cycle length N(N - 1)/k or kS + N - 1. For 
each of the following cases, we first evaluate ITijl from the initial allocation schedule. 
Case l:~=Oorb>l.Foreachv~ EV,wehave lTljl=(N/k)(N/k-l)-(a+l) 
forOdj<b-l,and1Ti~1=(N/k)(N/k-l)-aforb-ldj<k.Thus,ITjjl=6-1 
forO~j<b-l,andIT~l=6forb-lbj<k.Now,foreachj(Odj<b-l), 
insert one time slot s, between Bj and Bj+land assign to sj the contiguous tuning of 
Tlj for each i (0 < i < N). It follows that zj is extended to 6 time slots for each j 
(0 d j < b- l), and thus the new allocation has exactly 6 tuning time between any two 
blocks of transmissions for each Vi E V. We conclude that the new allocation schedule 
has length k6 + N - 1. 
Case 2: a > 0 and b < 1. First let a > 0 and b=l. Note that Ir,I=(N/k)(N/k-1)-a 
=6 for each j (0 < j < k) and each ui E V. Thus, the initial allocation schedule with 
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length N(N - 1)/k satisfies the 6 tuning time requirement. Next let a > 0 and b = 0. 
In this case we have for each Vi E V, (zj,I = (N/k) (N/k - 1) - a = 6 for each j 
(Odj<k-1), and ITi k-1 ]=(N/k)(N/k-1)-(a-1) =6+1. Thus, foreachuiEV, 
we replace the first tuning in Ti ,I-, by a blank so that the new allocation satisfies the 
6 tuning time requirement. The new allocation schedule has length N(N - 1)/k. This 
completes the proof. 0 
Lemma 4. Suppose 6 > (N/k)(N/k - 1) - a. Then the cycle length L of any optimal 
transmission schedule is L = kS + N - 1. 
Proof. Since L 2 k6 + N - 1, by Lemma 1, we need only show that there exists a 
transmission schedule with cycle length k6 + N - 1. Note from the initial allocation 
schedule that for each ui E I’, [Tijl 6 (N/k)(N/k- 1)-a < 6 for each j (0 < j < k-l), 
and Izk-il 6 (N/k)(N/k- 1)-a +l <6. Now, for each j (0 <j <k), insert 6- lcj] 
time slots sj between Bj and B(j+l)modk and assign to each time slot in Sj the contiguous 
tuning of TQ for each i (0 6 i < N). It follows that cj is extended to 6 time slots 
for each j (0 < j < k), and thus the new allocation has exactly 6 tuning time between 
any two blocks of transmissions for each vi E V. We conclude that the new allocation 
schedule has length k6 + N - 1. 0 
From Lemmas 1-4, we establish the following theorem. 
Theorem 1. The cycle length L of any optimal transmission schedule is max{N(N- 1)/k, 
k6 + N - 1). Furthermore, L is given by: 
(1) L=N(N-1)/k if s<(N/k)(N/k-l)-(a+l). 
(2) L=N(N-1)/k if d=(N/k)(N/k-l)-awitha>Oandbdl. 
(3) L=kG+N- 1 if S=(N/k)(N/k- 1)--a with a=0 orb> 1. 
(4) L=kG+N-1 if s>(N/k)(N/k-1)-a. 
4. Concluding remarks 
In this paper, we have constructed an optimal transmission schedule for each tuning 
time in the TWDM optical passive star network when the virtual interconnection top- 
ology G is a complete graph. Our model of the network with N nodes and k wave- 
lengths requires each transmitter to transmit to k groups of receivers, where k - 1 
groups are of the same size N/k, but the size of one remaining group is (N/k) - 1. 
In a similar model considered in [14], each transmitter has to send packets to k 
groups of receivers, where the size of each group is N/k. It should be noted that 
optimal transmission schedules for our model is more diverse than those for the model 
in [14]. 
When the virtual interconnection topology G is a hypercube, an optimal transmis- 
sion schedule is reported in [lo]. Further extension includes construction of optimal 
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transmission schedules for other virtual interconnection topologies including meshes, 
tori and trees. 
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